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A family of spherically symmetric solutions in the model with m- 
component multicomponent anisotropic fluid is considered. The met- 
ric of the solution depends on parameters q s > 0, s = 1, . . . , m, relat- 
ing radial pressures and the densities and contains (n — l)m parame- 
^ ■ ters corresponding to Ricci-flat "internal space" metrics and obeying 

bJT). certain m(m — l)/2 ("orthogonality") relations. For q s = 1 (for all 

s) and certain equations of state (pf = ±p s ) the metric coincides 
with the metric of intersecting black brane solution in the model with 
antisymmetric forms. A family of solutions with (regular) horizon 
corresponding to natural numbers q s = 1,2,... is singled out. Cer- 
tain examples of "generalized simulation" of intersecting M-branes in 
D = 11 supergravity are considered. The post-Newtonian parameters 
P and 7 corresponding to the 4-dimensional section of the metric are 
calculated. 
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1 Introduction 



This paper is devoted to spherically-symmetric solutions with a horizon in 
the multidimensional model with multicomponent anisotropic fluid defined 
on product manifolds R x Mq x . . . x M n . These solutions in certain cases 
may simulate black brane solutions PUE1E] (for a review on p-brane solutions 
see j3] and references therein). 

We remind that p-brane solutions (e.g. black brane ones) usually appear 
in the models with antisymmetric forms and scalar fields (see also |5]-|15j). 
Cosmological and spherically symmetric solutions with p-branes are usually 
obtained by the reduction of the field equations to the Lagrange equations 
corresponding to Toda-like systems [E]. An analogous reduction for the 
models with multicomponent "perfect" fluid was done earlier in [T%1 119j. 

For cosmological models with antisymmetric forms without scalar fields 
any p-brane is equivalent to an multicomponent anisotropic perfect fluid with 
the equations of state: 

Pi = -p, or pi = p, (1.1) 

when the manifold belongs or does not belong to the brane world- 
volume, respectively (here pi is the pressure in and p is the density, see 
Section 2). 

In this paper we find a new family of exact spherically-symmetric solutions 
in the model with m-component anisotropic fluid for the following equations 
of state (see Appendix for more familiar form of eqs. of state): 

Pr = -P s (2q s - I)" 1 , Pi = P s (2q s - I)" 1 , (1.2) 

and 

/ 2U S \ 

Pt = (i - P7(2g s - i), (1.3) 

z > 1, s = 1, . . . ,m, where for s-th component: p s is a density, p s r is a radial 
pressure, p\ is a pressure in Mi, i = 2, . . . , n. Here parameters Uf (i > 1) 
and the parameters q s — U* > obey the following "orthogonality" relations 
(see also Section 2 below) 

B sl = 0, s ± I (1.4) 

where 

n TJ s U l 1 ( n \ ( n \ 

*-£ir + ^(xHte4 (L5) 



2 



q s 7^ 1/2; and s, I = 1, . . . , m. The manifold M is d^- dimensional sphere in 
our case and p s is the pressure in the tangent direction. 

The one-component case was considered earlier in pQ. For special case 
with q s = 1 see [2] and [3] (for one-component and multicomponent case, 
respectively). 

The paper is organized as follows. In Section 2 the model with mul- 
ticomponent (anisotropic or "perfect") fluid is formulated. In Section 3 a 
subclass of spherically symmetric solutions (generalizing solutions from |3|) 
is presented and solutions with (regular) horizon corresponding to integer 
q s are singled out. Section 4 deals with certain examples of two-component 
solutions in dimension D = 11 containing for q s — 1 intersecting Ml fl M2, 
M2flM5 and M5DM5 black brane metrics. In Section 5 the post-Newtonian 
parameters for the 4-dimensional section of the metric are calculated. In the 
Appendix a class of general spherically symmetric solutions in the model 
under consideration is presented. 

2 The model 

Here, we consider a family of spherically symmetric solutions to Einstein 
equations with an multicomponent anisotropic fluid matter source 

R%-ls%R = KT!f (2.1) 

defined on the manifold 

M= R. x (M = S d0 ) x (Mx = R) x M 2 x ... x M n , 

radial spherical time \ ) 

variable variables 

with the block-diagonal metrics 

ds 2 = e 2 ^ u) du 2 + J2 e 2Xi{u) h® ni dy mi dy n \ (2.3) 

i=0 

Here R. = (a, b) is interval. The manifold Mi with the metric i = 
1,2, ... ,n, is the Ricci-flat space of dimension df. 

RmtntlhU] = 0, (2.4) 

and is standard metric on the unit sphere S d ° 
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R mo n [h w ] = (d -l)h^ ono , (2.5) 

u is radial variable, k is the multidimensional gravitational constant, di = 1 
and = -dt <8> (it. 

The energy-momentum tensor is adopted in the following form 

m 

T*f = J2T^ M , (2.6) 

3=1 

where 

T^ M = diag(-(2g s -l)-V s , (2g.-l)-y^ ) -p*,« 2 > . . . (2.7) 

g s > and g s 7^ 1/2. The pressures p? and the density p s obeys the relations 
(jl.3j) with constants Uf, i > 1. 

The "conservation law" equations 

V M T# )M = (2.8) 

are assumed to be valid for all s. 

In what follows we put k — 1 for simplicity. 



3 Exact solutions 

Let us define 



1°. U° = 0, (3.1) 
2°. t^ = g„ (3.2) 
3°. (U s ,U l ) = Uf&Uj (3.3) 

where U s = (Uf) is (n + l)-dimensional vector and 

5 ij 1 

are components of the matrix inverse to the matrix of the minisuperspace 
metric [TBI E! 

(Gij) = (didij - didj), (3.5) 
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i, j = 0, . . . ,n, and D = 1 + £ dj is the total dimension. 



i=0 



In our case the scalar products (|3.3|) are given by relations: 

(II s , U l ) = B h 



(3.6) 



with B k [ from (jl.5|) and hence due to (jl.4j) vectors U s are mutually orthog- 
onal, i.e. 



(U s ,U l 



0. 



s^l. 



It is proved in Appendix that the relation 1° implies 

(U S ,U S ) > 0, 



(3.7) 



(3.8) 



for all s. 

For the equations of state (jl.2j) and (jl.3|) with parameters obeying (jl.4j) we 
have obtained the following spherically symmetric solutions to the Einstein 
equations (|2.1|) (see Appendix) 



ds 2 = J 



dr 



2JI + r 2 dn% 



i=2 



(2q s - l)(dq s fP s (P s + 2/x)(l - 2^ 
2(U s ,U s )(UT=iH s ) 2 J r 2d o 



d\q a -l 



(3.9) 



(3.10) 



by methods similar to obtaining p-brane solutions 14 . Here d = do — 1 
dVL 2 d = h$ dy m °dy n ° is spherical element, the metric factors 



J i= f[ H - 2U3i /( U3 > us ), 



s=l 



H s = 1 + — 
2/i 

P > 0, /i > are constants and 



77? I n 

tr* = G i] m = -r- + - — - E u h 



dL 2 - D 



(3.11) 
(3.12) 



(3.13) 



j=0 



5 



Using (|3.13|) and Uq = we get 



U 



.sO 



2-D 



(3.14) 



j=0 



and hence one can rewrite ()3.9|) as follows 

dr 2 



ds' 



1 _ V 

1 r d 



+ r 2 dtf do 



2 4) df+ 



n # s - 2 w(^) 

\s=l y 
n / m \ 

E ( II ^ 2C/f/(di([/S ' t/S)) I hS iHi dy^dy n 



(3.15) 



i=2 \s=l 



These solutions are special case of general solutions spherically symmetric 
solutions obtained in Appendix by method suggested in [TTi] . 
Black holes for natural q s . 
For natural 

q s = l,2,..., (3.16) 

the metric has a horizon at r d = 2fi = r\. Indeed, for these values of q s the 
functions H s (r) > are smooth in the interval (r^+oo) for some r* < r^. 
For odd q s = 2m s + 1 (for all s) one get r* = 0. 

A global structure of the black hole solution corresponding to these values 
of q s will be a subject of a separate publication. 

It was shown in pQ that in one-component case for 2U s0 7^—1 and < 
q s < 1 one get singularity at r d 2ji. 

Remark. For non- integer q s > 1 the function H s (r) have a non-analytical 
behavior in the vicinity of r d = 2/i. In this case one may conject that the 
limit r d — > 2/i corresponds to the singularity (in general case) but here a 
separate investigation is needed. 



4 Examples: generalized simulation of inter- 
secting black branes 

The solutions with a horizon from the previous section allow us to simulate 
the intersecting black brane solutions jlj in the model with antisymmetric 
forms without scalar fields ,2j when all q s = 1. 
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These solutions may be also generalized to the case of general natural 
q s G N. In this case the parameters Uf and the pressures have the following 
form 

U? = q s di, pf = -p s , i£l s ; ( , n 

0, (2q s - l)-y, i$I a . 1 • ] 

Here l s = {ii, ... ,4} £ {l,...n} is the index set jl] corresponding to 
"brane" submanifold M ix x . . . x Mj fc . 

The "orthogonality" relations (jl.4j) lead us to the following dimension of 
intersection of brane submanifolds jl] 

f.n« = ^, (4.2) 

where d(I s ) = J2iei a di lS dimension of p-brane worldvolume. 

Remark. The set of Diophantus equations (|4.2|) was solved explicitly in 
|2*U| for so-called "flower" Ansatz from [21]. The solution in this case takes 
place for infinite number of dimensions D = 6, 10, 11, 14, 18, 20, 26, 27, ... etc. 

As an example, here we consider a "generalized simulation" of intersecting 
M2 n M5, M2 n M2 and M5 n M5 black branes in D = 11 supergravity. In 
what follows functions H s , s = 1,2, are defined in (|3.12j) . 

a). For an analog of intersecting M2 fl M5 branes the metric reads: 



dr 



, , + r 2 c^ (4.3) 



-H^ ,qi Hz l/q *Ul - ^) dt 2 + dy m2 dy m ^ 

+H^ht\ nz dy m Hy^ + Fr V9l ^ m4 ^ m4 + h^dy^dy^ 

where M2-brane includes three one-dimensional spaces: M 2 , M 4 and the 
time manifold M\\ and M5-brane includes Mi,M 2 and M 3 (d 3 = 4). 

6). An analog of two electrical M2 branes intersecting on the time mani- 
fold has the following metric 



ds 2 = H m n , H im K ) 



r=^+^ (4-4) 



-H^ 1/qi H 2 1/q2 (l - ^ ) '// 
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H[ 1/qi hgl n dy^dy^ + HZ 1 '»hfi>dy m >dy n > + h^dy^dy 



where d 2 = d 3 = 2. 

c). For an analog of two intersecting M5 branes the dimension of inter- 
section is 4 and the metric reads 



ds 2 = Hi 



2/(3< Z i)^2/(3< /2 ) 



dr 1 



+ r 2 d£l\ 



1 - 2/i/r 

+H^h%dy^dy n * + # 2 - 1/92 /^ n 4 ^ m4 ^™ 4 



Here <i = dz — <^4 = 2 and d 2 = 3. 

For the density of s-th component we get in any of these three cases 
(2q s - l)d 2 P s (P s + 2 M )(1 - 2 f ir-y°- 1 



(4.5) 



P 



where 



4(F 1 F 2 ) 2 </or 2d ° 



J = f[ Hf 1 ^ 9 ^ 



(4.6) 
(4.7) 



and d(I s ) = 3, 6 for M2, M5 branes, respectively. 



5 Physical parameters 

5.1 Gravitational mass and PPN parameters 

Here we put d = 2 (d = 1). Let us consider the 4-dimensional space-time 
section of the metric (|3.15|) . Introducing a new radial variable by the relation: 



(5.1) 



we rewrite the 4-section in the following form: 

/ m 

■Q fj~2U s0 /(U s ,U 8 ) 



ds 2 ^ 



( 1 + 5 ii dx i dx j 
' 2RJ 3 
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i,j = 1,2,3. Here R 2 = S^xK 

The parameterized post-Newtonian (Eddington) parameters are defined 
by the well-known relations 



giS = -{l-2V + 2(3V 2 ) + 0(V 3 ), (5.3) 
7 (4) =6-1 

i,j = 1, 2, 3. Here 



gff = 5 %3 (l + 2 1 V) + 0(V 2 ), (5.4) 



GM , . 

V=— (5.5) 

is the Newtonian potential, M is the gravitational mass and G is the gravi- 
tational constant. 

From (I5~2"J) -(I5~1) we obtain: 

^ (U S ,U S ) v ; 

and 

m 14 1 

+ (8-7) 



where 



\A s \ = ^q 2 P s (P s + 2fi)/(U s ,U s ) (5.9) 



(see Appendix) or, equivalently, 



Ps = ~H+ vV + 2\A 8 \(U", U s )q- 2 > 0. (5.10) 

For fixed U* the parameter /3 — 1 is proportional to the ratio of two 
quantities: the weighted sum of multicomponent anisotropic fluid density 
parameters \A S \ and the gravitational radius squared (GM) 2 . 
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5.2 Hawking temperature 



The Hawking temperature of the black hole may be calculated using the 
well-known relation 



T, 



1 



H 



d(-gtt) 



We get 



T, 



H 



4TTy/—gtt9rr dr 



M/d 11 ^ On 



-qs/(U°,U s ) 



(5.11) 



(5.12) 



47r(2/i) 1 /d Ai ^ 2 /i / 

Here all g s are natural numbers. 

For any of D = 11 metrics from Section 4 the Hawking temperature reads 



-1/(29.) 



6 Conclusions 

In this paper, using the methods developed earlier for obtaining perfect fluid 
and p-brane solutions, we have considered a family of spherically symmetric 
solutions in the model with m-component anisotropic fluid when the equa- 
tions of state p.2j1 - (jl.4j) are imposed. The metric of any solution contains 
in — 1) Ricci-flat "internal" space metrics and depends upon a set of param- 
eters U?, i > 1. 

For q s = 1 (for all s) and certain equations of state (with pi = ±p s ) the 
metric of the solution coincides with that of intersecting black brane solution 
in the model with antisymmetric forms without dilatons 0. For natural 
numbers q s = 1,2,... we have obtained a family of solutions with regular 
horizon. 

Here we have considered three examples of solutions with horizon, that 
simulate (by fluids) binary intersecting M2 and M5 black branes in D = 11 
super gravity. 

We have also calculated (for possible estimations of observable effects of 
extra dimensions) the post-Newtonian parameters f3 and 7 corresponding to 
the 4-dimensional section of the metric and the Hawking temperature as well. 
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Appendix 

A Lagrange representation 

It is more convenient for finding of exact solutions, to write the stress-energy 
tensor in cosmological-type form 

(T$ M ) = diag(-p^C^?C> • • (A- 1 ) 

where p s and pf are "effective" density and pressures of s-th component, 
respectively, depending upon the radial variable u and the physical density 
p s and pressures pf are related to the effective ("hat") ones by formulas 

P s = ~fi, P s r = -P s , Pi -Pi (i^l), (A.2) 

s = 1, . . . , m. 

The equations of state may be written in the following form 

/ 2/7 s \ 

A=(l-^)* (A.3) 

where Uf are constants, i — 0, 1, ...,n. It follows from (|A.2j) . ()A.3|) and 
U[ = q s that 

p s = (2q s - l)p*. (A.4) 

The "conservation law" equations V mT$ M = may be written, due to 
relations ()2.3|) and (jA.l|) in the following form: 

n 

ps + Y^d l X^+p s t ) = 0. (A.5) 

i=0 



Using the equation of state (jA.3|) we get 

ps = -A.JW-**, (A.6) 
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where jo(X) = diX 1 and A s are constants. 

i=0 

The Einstein equations (|2.1|) with the relations ()A.3|) and (jA.6J) imposed 
are equivalent to the Lagrange equations for the Lagrangian 

L = ^e-^^GijPP - e ^° m V, (A.7) 

where 

V = ^d (d - 1) exp(2f/°X 4 ) + A s exp(2f/*X l ) (A.8) 

is the potential and the components of the minisupermetric Gij are defined 
in (JH3D, 

U?X l = -X° + lo (X), 1$ = -$ + *, (A.9) 

i = 0, . . . ,n (for cosmological case see [HI EH])- 

For 7 = 7o(X), i.e. when the harmonic time gauge is considered, we get 
the set of Lagrange equations for the Lagrangian 



1 

2 

with the zero-energy constraint imposed 

1 

2 



L = -GijX'X* - V, (A. 10) 



E = -GijXtp + V = 0. (A.ll) 



It follows from the restriction Uq — that 

(U°, U s ) = U?G i3 U; = 0. (A. 12) 

Indeed, the contravariant components U 0i = G^U® are the following ones 

U 0i = (A.13) 
do 

Then we get (U°, U s ) = U 0i U° = -U$/d = 0. In what follows we also 
use the formula 

(f/ ) f/ ) = l-l<0 (A.14) 
do 

for do > 1. 

Now we prove that (U s , U s ) > for all s > 0. Indeed, minisupermetric 
has the signature (— , +,...,+) [THIHI], vec t° r U° is time-like and orthogonal 
to any vector U s ^ 0. Hence any vector II s is space-like. 
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B General spherically symmetric solutions 

When the orthogonality relations (jA.12|) and ()3.7|) are satisfied the Euler- 
Lagrange equations for the Lagrangian (jA.10|) with the potential (jA.8|) have 
the following solutions (see relations from [TH] adopted for our case): 

m TJ a i 

where u a are integration constants; and vectors c = (c*) and c = (<?) are 
dually-orthogonal to co- vectors ?7 a = (Z7"), i.e. they satisfy the linear con- 
straint relations 

n 

U°(c) = U°c l = -c° + J2 d ^ = 0, (B.2) 

j=0 
n 

U°(c) = U^e = -c° + = 0, (B.3) 

U s (c) = U t s d = 0, (B.4) 
U s (c) = U^c 1 = 0. (B.5) 

Here 



sinh (JC a r) 

f a (r) = R a f= , C a > 0, i] a = +1, 



cosh( ^C a r) 
K a j= , G Q > U, rj a — — 1, 



(B.6) 



sinu/ \C a r) 



i? Q r, C Q = 0, 770, = H-l, 

a = 0, . . . , m; where i? = 4-1, % = 1, #s = V^IAK^ U s ), T] s = -signA s 
(s = l,...,m). 

The zero-energy constraint, corresponding to the solution (|B.1|) reads 

-t m n i 

£ = - y - Ua - + -G i7 cV = 0. (B.7) 
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Special solutions. The (weak) horizon condition (i.e. infinite time 
of propagation of light for u — > +00) lead us to the following integration 
constants 

c* = 0, (B.8) 

m jjajjai 

c ' = >ZwtF)-^ (R9) 

C a = (C/r)V, (B.10) 

where /2 > 0, a; = 0, . . . , m. For analogous choice of parameters in p-brane 
case see [El CHI11. 

We also introduce a new radial variable r = r(u) by relations 

exp(— 2p,u) = 1 j, fi = fl/d>0, d = d — l, (B.ll) 

and put u s < and A s < for all s and also m = 0. 

The relations of the Appendix imply the formulae (|3.9J) and (j3.10j) for the 
solution from Section 3 with 

(da ) 2 

H s = exp(-Msu)f s (u - u s ), A s = - 1 ^L- P S {P S + 2/ i), (B.12) 
P s >0. 
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